The Darwin and mass-velocity relativistic corrections have been calculated for all pure vibrational states of the H 2 using the perturbation theory and very accurate variational wave functions obtained without assuming the Born-Oppenheimer ͑BO͒ approximation. Expansions in terms of explicitly correlated Gaussians with premultipliers in the form of even powers of the internuclear distance were used for the wave functions. With the inclusion of the two relativistic corrections to the non-BO energies the transition energies for the highest states agree more with the experimental results.
I. INTRODUCTION
In our previous work 1 we used 3000 explicitly correlated Gaussian functions ͑ECGF͒ with premultipliers in the form of even powers of the internuclear distance and calculated all 15 vibrational states of the H 2 molecule with the zero total angular momentum. The calculations did not assume the Born-Oppenheimer ͑BO͒ approximation regarding the separability of the electronic and nuclear motions. In that work we demonstrated that the ECGFs are very effective in describing the coupled motion of the electrons and nuclei in H 2 . With 3000 ECGFs per state the total energies were converged very closely to the best available results for H 2 2 that Wolniewicz obtained using a variation-perturbation method with basis functions that are more capable of describing the electron-nuclear cusp. In fact, for the ground and first excited states our energies were lower than those of Wolniewicz. However, some small differences for highly excited states still remained. For example, for transitions 12→ 11, 13 → 12, and 14→ 13 we obtained the following results: 1415.187, 1049.269, and 622.063 cm −1 , while the Wolniewicz's results were 1415.163, 1049.250, and 622.098 cm −1 , respectively. In this work we revisited the problem and recalculated the H 2 vibrational transitions with the basis of 5000 ECGFs per state. As it will be demonstrated below, this considerably improved the agreement between our results and those of Wolniewicz. We also included the mass velocity and Darwin corrections in the calculations of the transition energies.
The most reliable experimental results concerning the pure vibrational transitions of H 2 are still those of Dabrowski 3 obtained more than two decades ago. While the accuracy of those results is probably not more than 0.1 cm −1 and the difference between the best calculated transition energies and the experimental transitions for the lower states oscilate both in terms of their magnitude and the sign, for the last four transitions the experimental energies are consistently lower than the calculated transitions ͑both ours and those of Wolniewicz͒. The only reason for this discrepancy can be the relativistic effects that were neglected in our non-BO calculations. Since we have recently developed procedures for calculating the mass-velocity and Darwin relativistic corrections to the non-BO energy, 4, 5 we decided to apply them to see if the calculations will yield results better agreeing with the experiment and narrowing the remaining gap between the theoretical and experimental transitions, particularly for the highest excited vibrational states. The non-BO, nonrelativistic calculations presented in this work were performed using the method we have been developing in the last few years. For a description of the method, we refer the reader to our recent reviews. 6, 7 In this work we will briefly describe the method and its application to calculate the vibrational states of H 2 . We will also briefly describe the procedures used for calculating the massvelocity and Darwin corrections. It should be noted that the term "vibrational states" can only approximately describe states with zero total angular momentum. This is because if the Born-Oppenheimer approximation is not assumed, the vibrational motion is coupled with the electronic motion and, strictly speaking, the vibrational quantum number is not a good quantum number.
II. THE NON-BO APPROACH
The total nonrelativistic Hamiltonian for a system of N particles ͑nuclei and electrons͒ has the following form in the laboratory Cartesian reference frame:
where the masses, charges, and positions of the particles are denoted as M i , Q i , and R i , respectively. Ĥ tot can be rigorously separated into the Hamiltonian describing the motion of the center-of-mass and an internal Hamiltonian. In our approach we transform the laboratory coordinate system into a coordinate system that contains three laboratory coordinates of the center-of-mass and 3N − 3 internal Cartesian coordinates. The center of the internal system is placed at one of the particles ͑usually the heaviest one͒ called the reference particle and the internal coordinate axes are made parallel to the axes of the laboratory coordinate frame. The other n = N − 1 particles are referred to the reference particle using the position vectors r i , i =1, ... ,n. The internal Hamiltonian, Ĥ , is
where
and where q 0 is the charge of the reference particle, q i ͑i =1, ... ,n͒ are the charges of the other n particles, r ij = ͉r j − r i ͉, and Ј is used to indicate vector-matrix transposition. The separation of the internal Hamiltonian and the Hamiltonian of the motion of the center-of-mass is exact. The internal Hamiltonian ͑2͒ describes n pseudoparticles with charges q i and reduced masses m i = M 1 M i+1 / ͑M 1 + M i+1 ͒ moving in the spherically symmetric potential of charge q 0 of the reference particle. The motions of the pseudoparticles are coupled through the mass polarization term
Ј ٌ r j and through the Coulombic interactions dependent on the distances of the pseudoparticles from the central charge, r i = ͉r i ͉, and their relative distances, r ij . In this work we number particles in such a way that particles 1 and 2 are nuclei, and particles 3 and 4 are electrons. Thus, in this scheme r 1 denotes the internuclear distance.
In our works concerning non-BO calculations on light diatomic molecular systems, 1, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] we have shown that the explicitly correlated Gaussians ͑ECGs͒ involving functions with preexponential multipliers consisting of the internuclear distance, r 1 , raised to a non-negative even power, m k
where symbol Ā denotes Kronecker product, Ā = A I 3 , and I 3 is the 3 ϫ 3 identity matrix, very effectively describe nonadiabatic zero-angular-momentum states of those systems. Functions ͑4͒ are one-center correlated Gaussians with exponential coefficients forming the symmetric matrix A k ͑unique for each basis function͒, which must be positive definite. The spatial part of the nonrelativistic wave function for each vibrational state is symmetric both with respect to interchange of the two protons ͑particles 1 and 2͒ and of the two electrons ͑particles 3 and 4͒. The permutational symmetry of the wave function is implemented by means of operators P ij . Their action on the Gaussians transforms the exponential parameters in the following way:
where T P ij are the permutation matrices transforming the internal coordinates 
with respect to the linear expansion coefficients of the wave function in terms of the basis functions, c k , the basis function exponential parameters, ͕A k ͖, and the preexponential powers, ͕m k ͖. The optimization is done separately for each state using an algorithm based on analytical derivatives of the energy, E͕͑c k ͖ , ͕m k ͖ , ͕A k ͖͒, with respect to parameters A k . As mentioned before, in this work we used 5000 basis functions for each state. This is 2000 more than used in our previous non-BO calculations on H 2 . 1 We believe that with this many functions in the basis the ground state energy is converged to about 11 decimal figures, while the accuracy of the energy obtained for highly excited states is about 8 to 9 significant figures. This difference is due to increasingly more complicated structure of the "vibrational" part of the wave function for higher excited states, whose description requires a larger number of basis functions. The range of the preexponential powers, ͕m k ͖, used was 0-250, and these powers were partially optimized for each state. More details on the Hamiltonian transformation, proper symmetrization of the basis functions, and selection of nonlinear parameters for calculations with ECGFs can be found in Refs. 6 and 7.
III. MASS-VELOCITY AND DARWIN RELATIVISTIC CORRECTIONS
The increasing precision of the high resolution spectroscopy presents a challenge to the quantum mechanical calculations of molecular systems. The accuracy of the determination of the energies and the wave functions of the stationary states of those systems has to constantly increase to match the accuracy of the state-of-the-art experiments. At present it is not enough to only calculate the electronic component of the wave function with a very high precision, but it is also necessary to very accurately describe the motion of the nuclei ͑vibrational and rotational͒ and the coupling of the electronic and the nuclear motions. Furthermore, even for small systems, the relativistic effects have to be taken into account.
The simplest way to account for the relativistic corrections in atomic and molecular quantum systems is based on the Dirac-Coulomb-Breit-Pauli ͑DCBP͒ approximation. 18 The DCBP approach provides a framework for describing a system of fermions ͑with spin 1 / 2͒ with the accuracy of the order Z 4 ␣ 2 , where Z is the particle charge and ␣ Ϸ 1 / 137 is the fine structure constant. In this approximation the relativistic effects are treated as perturbations and determined as the first-order corrections to the nonrelativistic energy of the system using the nonrelativistic wave function as the zeroorder approximation. In our approach the nonrelativistic wave function depends on the internal coordinates of both the electrons and the nuclei forming the system since these two types of particles are treated on equal footing. Since we do not have any external potential, the mass-velocity correction and the spin-own-orbit interaction term are the only oneparticle relativistic corrections in the DCBP Hamiltonian. Among the two-particle corrections the most important is the Darwin term. The contributions due to the orbit-orbit and spin-other-orbit interactions are known to be much smaller 19 and they can be neglected in the first approximation. Let us note, that the standard DCBP formulation is only valid for systems with spin 1 / 2 particles. If the spin of a nuclei is different from 1 / 2 then an extension of the basic formulation is necessary.
In the present work we consider the H 2 molecule in its ground electronic ͑singlet͒ state. It is composed of two electrons and two protons. The standard DCBP formulation is valid in this case since all particles have spin of 1 / 2. Moreover, since the total nuclear and electronic spins are equal to zero, the spin-orbit contribution vanishes. Also, since in H 2 all the particles have unit charges, the largest relativistic corrections beyond the DCBP approximation is proportional to ␣ 4 and it is much smaller than the DCBP terms. Let us also note that the corrections derived from the quantum electrodynamics ͑QED͒ are of the order ␣ 3 and, thus, there are also relatively small. The relativistic contributions that we considered in this work are the Darwin ͑D͒ and mass-velocity ͑MV͒ corrections. The largest neglected term is, therefore, the orbit-orbit interaction.
In this work the D and MV corrections have been calculated using the first-order perturbation theory and the Pauli approximation. In the calculations we used the nonrelativistic all-particle wave functions expressed in terms of explicitly correlated Gaussian functions obtained without assuming the BO approximation as described in the previous section. Our study differs from the previous studies where the relativistic corrections to the vibrational energies have been calculated by assuming the BO approximation and by averaging the electronic relativistic corrections over the vibrational wave functions. In our approach we have calculated these corrections not as purely electronic quantities, but as quantities due to both electrons and nuclei.
The Hamiltonians for the D and MV corrections in the laboratory coordinate frame are given by the following expressions:
Upon the transformation of the laboratory coordinate system to the internal coordinate system, the Darwin Hamiltonian ͑8͒ separates into a term dependent on the position vector of the center-of-mass in the laboratory frame, r 0 , and a term dependent on the internal coordinates, ͕r͖ = ͕r 1 Ј, r 2 Ј, ... ,r n Ј͖Ј
because V͑r͒ is independent of r 0 , and where
͑12͒
Upon the same transformation of the coordinate system, ͕R͖ → ͕r 0 Ј, rЈ͖Ј, the mass-velocity Hamiltonian can be represented as a sum of three terms
where the term Ĥ MV ͑r͒, relevant to the present calculations of the relativistic contributions, has the form
The last term in Eq. ͑13͒, Ĥ MV coupl ͑r 0 , r͒, describes relativistic coupling between the motion of the center-of-mass and the internal motion. This effect was not considered in our calculations as we assume that the molecule as a whole is at rest.
The calculation of the relativistic corrections to the energy of the internal motion of the system is performed for each state using the first-order perturbation theory as the expectation value of the Hamiltonian representing the internal mass-velocity and Darwin contributions
͑15͒
After the wave functions for all 15 ͑v =0, ... ,14͒ states of H 2 were generated, we calculated the expectation value of the relativistic Hamiltonian ͑13͒ for each state and added it to the variational energy of that state. These energies, that include relativistic corrections, were used to calculate the transition energies. In the calculations we used the ratio of the proton-electron mass m p / m e = 1836.152 672 61. The fine structure constant was ␣ = 1 / 137.035 999 11. These values were taken from Ref. 20 .
IV. RESULTS
The first set of results is shown in Table I . It includes the data for the vibrational transition energies obtained in this work, as well as the experimental frequencies of Dabrowski, 3 and nonrelativistic frequencies computed before by Wolniewicz.
2 The values in parentheses show the difference between our results and the results obtained in the experiment and the calculated results of Wolniewicz, respectively. The latter difference indicates that our calculations produced essentially identical transition frequencies as those obtained by Wolniewicz. Some small positive differences that appear for the transitions up to v =10 ͑none of them larger than 0.005 cm −1 ͒ indicate that our non-BO energies are likely to be slightly less tightly converged than the energies of Wolniewicz. As mentioned, it usually takes more basis functions to obtain the same quality of the results for higher excited states than for the lower states, because of the higher number of nodes in the wave functions of the higher states. In the case of slightly lower accuracy of the calculated energy value for the v + 1 state than for the v state, the transition frequency is slightly overestimated. This is the effect to which we attribute the small differences between our and Wolniewicz's values. However, for the highest three transitions, our transition frequencies are lower than those of Wolniewicz and the difference increases to −0.010 cm −1 for the highest transition. Whether this is due to the lower precision of Wolniewicz's results for the states at the top of the vibrational spectrum or due to possible artifacts in the nonlinear parameter optimization for highly excited states in our calculations ͑i.e., when for some reason the energy is better converged for the v + 1 state than for the v state͒ is not immediately clear.
The comparison of our non-BO transition energies with the experimental transitions of Dabrowski, presented in Table I , shows alternating signs of the difference between our results and those of Dabrowski for the transitions up to v = 8 to 9. These variations are consistent with the error bracket of the experimental values estimated for about 0.1 cm −1 . However, for the four highest transitions ͑v =10, ... ,13͒, the calculated non-BO frequencies are consistently higher than the experimental transitions by about 0.1 cm −1 . This indicated to us that the relativistic effects should be taken into account to reduce the discrepancy between the experimentally and theoretically predicted transitions. As described in the previous section, the relativistic corrections that we have calculated include the mass-velocity and Darwin effects. These are the major relativistic effects for states of diatomic molecules where the electronic density of the two atoms ͑in the present case hydrogen atoms͒ are not too distorted from the spherical symmetry due to the formation of a chemical bond. The near spherical symmetry of the electronic distribution around the two atoms reduces the relativistic effects dependent on the angular momentum ͑the spin-orbit and orbit-orbit interactions͒. For H 2 the electronic distribution around the two atomic centers should be particularly symmetric in the highest vibrational states where the average distance between the nuclei is much larger than the equilibrium distance ͑r e , the distance that corresponds to the minimum of the potential energy curve in BO calcula- In Table II we show a comparison between the calculated transition frequencies obtained using the total energies of the vibrational states corrected and uncorrected for the relativistic effects with the experimental frequencies of Dabrowski. Only the top four transitions are shown in the table. Those are the transitions whose frequencies are likely to be overestimated by the non-BO calculations. After adding the relativistic corrections the agreement between the experimental results and the calculated values improves for all four transitions. The agreement is the best for the top 14→ 13 transition and, as expected, worsens as the vibrational quantum number decreases. For that top transition the non-BO frequency uncorrected for the relativistic effects is 622.088 cm −1 and the corrected one is 622.015 cm −1 which is very close to the experimental transition of 622.02 cm −1 . In Table II we also included the transition frequencies obtained by Wolniewicz using his non-BO energies corrected for electronic relativistic and radiative effects calculated within the BO approximation. 21 As one notices, while for the top two states our and Wolniewicz's results agree equally well with the experiment, for the next two states Wolniewicz's results are slightly better. We attribute this to the growing importance of the relativistic magnetic interactions which Wolniewicz included in his calculations and we have not. It should be remembered that the presented comparison is subject to the inaccuracy of the experimental transitions which was discussed before. The relativistic corrections, the total non-BO energies uncorrected and corrected for the relativistic effects, as well as relativistically corrected transition frequencies for all 15 vibrational states of H 2 obtained with 5000 ECGFs are shown in Table III . As one can notice, both mass-velocity and Darwin effects decrease with the vibrational excitation. For the highest state ͑v =14͒ both corrections become very close to twice the respective values for the hydrogen atom as they should. Since imn this state the molecule is nearly dissociated it can be considered as a pair of weakly interacting, distant hydrogen atoms. For comparison purposes we also included in Table III the transition frequencies of Wolniewicz that include relativistic and radiative corrections.
21
Besides comparing our transition energies with Wolniewicz's results that included all relativistic corrections he calculated, we also made a comparison of the electronelectron and electron-nucleus contributions to the Darwin correction with the values of those contributions obtained by Wolniewicz. This comparison was possible because we obtained from Wolniewicz his unpublished results concerning the contributions. 2 There were two reasons why such a comparison was useful. First, it allowed us to verify the correctness of our results, and second, it provided a way of estimating the difference between those corrections calculated by averaging the electronic contributions over the vibrational wave functions ͑the approach used by Wolniewicz͒ versus calculating them directly from the non-BO wave functions ͑our approach͒. One can distinguish two types of the Darwin   TABLE II corrections, the electron-nucleus ͑e-n͒ and the electronelectron ͑e-e͒. In the BO calculation the former is calculated as a one-electron contribution and the latter as a two-electron contribution. However, in the non-BO approach ͑using the internal non-BO wave function that for H 2 depends on the coordinates of three pseudoparticles͒ the former is a sum of two one-pseudoparticle contributions due to pseudoparticles 2 and 3 and two two-pseudoparticle contributions due to the 1-2 and 1-3 pseudoparticle pairs. The electron-electron contribution in the non-BO approach is calculated as a twopseudoparticle quantity due to the pseudoparticle pair 2-3. The comparison of the e-n and e-e Darwin corrections obtained in our calculations and those of Wolniewicz is presented in Table IV . As one notices the values are very close but not identical. In average they differ in the third significant figure. For the highest vibrational level ͑v =14͒ the e-n contribution becomes almost equal to twice the Darwin correction for the hydrogen atom and the e-e contribution approaches zero. This is the trend one expects to see for those contributions.
Finally, in Table V we present the expectation values of the interparticle distances and their squares obtained with 5000 function basis sets. Those include proton-proton, proton-electron, and electron-electron distances. These results show that for the top states the internuclear and interelectronic distances are, as expected, considerably larger than for the bottom states and, thus, for those top states the magnetic relativistic corrections should be much smaller than the mass-velocity and Darwin corrections.
V. SUMMARY
In this work we used the recently developed algorithms for the mass-velocity and Darwin relativistic corrections to the non-Born-Oppenheimer energy of diatomic systems to calculate pure vibrational transitions of H 2 . In our approach these two relativistic effects are calculated in a framework where the electronic and nuclear motions in the molecule are not separated ͑as happens when the BO approximation is assumed͒. Thus the calculations describe on an equal footing the relativistic effects due to electrons and nuclei, as well as the relativistic effects due to interactions between these two types of particles. The calculations of the vibrational transition energies focus on the highest transitions because, for those, the massvelocity and Darwin relativistic corrections are expected to be much more important than the relativistic corrections dependent on the angular momenta of the electrons. Also, for those states the differences between the non-BO transition energies calculated without the relativistic corrections and the experimental transition energies have the same sign and are of similar magnitude indicating that including the massvelocity and Darwin corrections should improve the agreement with the experiment and, as has been demonstrated by the present calculations, it did.
The work to follow will include the development of algorithms for calculating the magnetic spin-spin, spin-orbit, and orbit-orbit interactions. The orbit dependent relativistic corrections become more important for lower vibrational transitions of H 2 where the atomic electronic distributions are more distorted from the spherical symmetry due to the formation of a covalent bond between the two hydrogen atoms.
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